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Abstract
The tadpole cancellation in the unoriented Liouville theory is discussed. Using
two different methods — the free field method and the boundary-crosscap state
method, we derive one-loop divergences. Both methods require two D1-branes with
the symplectic gauge group to cancel the orientifold tadpole divergence. However,
the finite part left is different in each method and this difference is studied. We
also discuss the validity of the free field method and the possible applications of
our result.
1E-mail: nakayama@hep-th.phys.s.u-tokyo.ac.jp
1 Introduction
The matrix-Liouville correspondence is one of the simplest examples of the open-closed
duality2. The new interpretation of the matrix model [5][6][7][8] is that we regard this
matrix quantum mechanics as the effective dynamics of the open tachyon filed which
lives on D0-branes stacked at the boundary of the Liouville direction φ→∞ [9].
Extending this idea to the unoriented Liouville theory (or with an orientifold plane)
is interesting, since we less understand the open-closed duality with an orientifold plane
than the case without one. However, it is well-known that unoriented theories usually
have tadpoles when the space-filling orientifold plane is introduced. Since the appearance
of tadpoles implies divergences in many amplitudes (usually referred to as an internal
inconsistency), it must be cancelled somehow. Typically introducing space-filling D-
branes saves the situation [10][11][12]. In this short note, we would like to examine this
possibility in the unoriented Liouville theory.
The organization of this paper is as follows. In section 2, we use the so called “free
field method” to calculate the Liouville partition functions on the cylinder, Klein bottle
and Mo¨bius strip. We cancel the orientifold tadpole completely by introducing two D1-
branes with Sp(2) group. In section 3, we use the boundary-crosscap state method to
recalculate the tadpole in the unoriented Liouville theory, and we find that introducing
two D1-branes with Sp(2) gauge group cancels the tadpole divergence. The implication
of the finite part left is discussed. In section 4, we conclude the paper and discuss some
connections with the dual matrix model calculation.
Note added: after the original version of this note was submitted to the arxive,
S. Hirano [36][37] pointed out that the second sign in the crosscap one-point function
(3.4) derived in [19] is wrong, namely the previous cosh(2pip)−1 should be cosh(2pip)+1.
This sign error changes the crosscap-boundary state method calculation considerably. We
modify our argument as little as possible to be consistent.
2 Naive Cancellation — Free Field Method
The action of the Liouville theory is
S =
∫
d2z
√
g
(
1
4pi
gab∂aφ∂bφ+
1
4pi
QRφ+ µe2bφ
)
, (2.1)
where Q = b+b−1, 1+6Q2 = c and in the 2 dimensional string case, b = 1. Since it is not
free, the Liouville partition function or any correlation function is difficult to calculate.
2For the older review, see e.g.[1] [2] [3] [4].
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However, it is proposed that some special correlation functions may be calculated by the
free field perturbative path integral except the zero mode contribution [13].
The logic is as follows. The correlation function of the Liouville theory satisfies an
exact Ward-Takahashi identity,
〈e2α1φe2α2φ · · · e2αNφ〉 ∝ µ (1−g)Q−
∑
i αi
b , (2.2)
where g is a world-sheet genus, and this determines the exact dependence of µ in any
correlation function. This dependence clearly shows that the perturbative treatment of
µ breaks down in general, but it may be possible when the power of µ is an integer. The
conjecture is when the power of µ is an integer, the perturbative calculation is valid3.
After integrating over the zero mode of φ, the calculation left is just the Coulomb gas
free field path integral. Note that the Coulomb gas perturbative calculation yields a
nonzero answer just when the power of µ is an integer.
The simplest example of this calculation is the torus partition function. Since the
power of µ should be zero (up to a logarithmic renormalization term, see the actual
form below), there is no need of µ perturbation. That means we can calculate the
partition function as if µ were zero, except for the zero mode integration. The zero mode
integration yields the Liouville volume:
Vφ =
∫
dφe−µe
2bφ
= − 1
2b
log µ. (2.3)
The rest of the path integral is free,
ZT 2 = VφVX
∫
F
d2τ
|η(q)|4
2τ2
1
(2pi
√
τ2)2|η(q)|4 = −VX
1
48pi
logµ, (2.4)
where F is the fundamental domain of the torus moduli, and η(q) = η(e2piiτ ) is the
Dedekind eta function. The first |η(q)|4 comes from the ghost oscillator, and 1/(2τ2)
comes from the Beltrami differential. 1/(2pi
√
τ2|η(q)|2) is the contribution from the non-
zero Liouville mode and from that of the free X field4. This gives the exact partition
function which matches the matrix model computation.
There are other amplitudes which can be calculated in this way. For instance, the
three point function “on mass-shell” (which means s = (Q −∑i αi)/b is an integer)
calculated in this perturbative approach yields the residue of the DOZZ formula [15][16]
which is supposed to be exact for any s.
3This reminds us of the supersymmetric instanton calculation, where, in general, the instanton
calculation does not yield the right charge conservation, but when it does, it gives the exact answer.
4For a precise coefficient see e.g. Polchinski’s text book [14]. Our convention here is α′ = 1 and
d2τ = dτ1dτ2.
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Then it is natural to consider the Klein bottle partition function in the same manner
because it has the same µ dependence and the world sheet curvature is also zero. The
free field path integration results in,
ZK2 = VφVX
∫
∞
0
dt
4t
1
4pi2t
, (2.5)
which diverges when t → 0. If we do the (formal) modular transformation s = pi/2t, it
becomes more clear
ZK2 = VφVX
∫
∞
0
ds
8pi3
. (2.6)
This is nothing but the massless tadpole amplitude.
As in the ordinary string theory, the massless tadpole should be cancelled by other
D-branes. For this purpose, we introduce the cylinder and the Mo¨bius strip partition
function as follows (n is a number of D1-branes and +,− sign corresponds to SO(2n)
and Sp(2n) respectively):
ZC2 = n
2VφVX
∫
∞
0
dt
4t
1
8pi2t
= n2VφVX
∫
∞
0
ds
8pi34
, (2.7)
ZM2 = ±nVφVX
∫
∞
0
dt
4t
1
8pi2t
= ±nVφVX
∫
∞
0
ds
8pi3
. (2.8)
In the cylinder case, the modular transformation5 is s = pi/t, and in the Mo¨bius strip case,
it is s = pi/4t. Combining these amplitudes, in order to cancel the tadpole divergence,
we should take n = 2 and Sp(2) gauge group.
This is just the same tadpole cancellation in the free 2D string (without a “tachyon
background”). There might be some questions. What kind of D1-branes did we use?
As is discussed in [17], D1-branes in the Liouville theory have a continuous parameter s
which is related to the boundary cosmological constant µB as
cosh2 pibs =
µ2B
µ
sin pib2. (2.9)
We treat D1-branes such that on which strings have the Neumann boundary condition.
Therefore, we might guess µB = 0 on these D1-branes. Is this interpretation consistent
with the disk one-point function? What happens if we turn on the boundary cosmological
constant? We answer these questions after investigating the boundary-crosscap state
formalism in the next section.
5Because these partition functions are divergent, the modular transformation is rather formal. We
do a kind of “dimensional regularization” to determine their conventional modular transformation (see
[14]) which is needed to cancel the tadpole.
3
3 Boundary-Crosscap State Method
As in the usual string theory, the one-loop partition function can be calculated in two
ways: either via an open string loop diagram or via a closed string exchange diagram. In
section 2 under the assumption of the free field method, we computed the free open loop
diagrams and modular transformed them to the closed exchange diagrams. These closed
exchange diagrams are also essentially free. Although there might be some nontrivial
cancellation because they are integrated, it is quite natural to suppose the boundary-
crosscap states are also those of the free field theory. However, this cannot be true, for
we know there is a nontrivial one-point function on the disk and on the projective plane.
The disk one-point function [17] is
Ψs(ν) =
2−1/4Γ(1 + 2ibν)Γ(1 + 2ib−1ν) cos(2pisν)
−2ipiν (piµγ(b
2))−iν/b, (3.1)
where α = Q
2
+ iν. This defines the boundary state as a linear combination of the
Ishibashi states
〈Bs| =
∫
∞
−∞
dνΨs(ν)〈B, ν| (3.2)
where the Ishibashi states [18] are defined as
〈B,P |qH|B,P ′〉 = δ(P − P ′) q
P 2
η(q)
. (3.3)
On the other hand, the one-point function on the projective plane [19]6 is
ΨC(ν) =
2−3/4Γ(1 + 2ibν)Γ(1 + 2ib−1ν)
−2piiν (piµγ(b
2))−iν/b×
× (cosh (piν(b+ b−1))+ cosh (piν(b− b−1))) , (3.4)
which defines the crosscap state as
〈C| =
∫
∞
−∞
dνΨC(ν)〈C, P |, (3.5)
where the crosscap Ishibashi states [18] are defined by
〈C, P |qH|C, P ′〉 = δ(P − P ′) q
P 2
η(q)
,
〈B,P |qH|C, P ′〉 = δ(P − P ′) q
P 2/2
η(−√q) . (3.6)
6We thank S. Hirano and O. Bergman [36] for pointing out the sign error in this one-point function.
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First, we calculate the Klein bottle partition function as follows,
ZK2 = VX
∫
∞
0
dτ
(∫
∞
−∞
dνΨC(ν)ΨC(−ν) q
ν2
η(q)
)
2√
2η(q)
η(q)2, (3.7)
where q = e−2piτ which is the closed channel modular parameter, and because of the
explicit momentum integration we do not have the Liouville volume factor here. Substi-
tuting (3.4) and setting b = 1, we obtain
ZK2 = VX
∫
∞
−∞
dν
4pi
[cosh(2piν) + 1]2
[sinh(2piν)]2ν2
. (3.8)
This partition function is ultraviolet finite but infrared divergent. This divergence shows
the existence of the massless tadpole.
To cancel the tadpole, we should calculate other Euler number zero partition func-
tions. The cylinder partition function [20] is (with n D1-branes whose boundary cosmo-
logical constants are same for simplicity)
ZC2 = n
2VX
∫
∞
0
dτ
(∫
∞
−∞
dνΨs(ν)Ψs(−ν) q
ν2
η(q)
)
1√
2η(q)
η(q)2
= n2VX
∫
∞
−∞
dν
4pi
[cos(2pisν)]2
[sinh(2piν)]2ν2
, (3.9)
which diverges as ν → 0. This is a closed channel infrared divergence, i.e. a tadpole
divergence.
The Mo¨bius strip partition function is7
ZM2 = ±nVX
∫
∞
−∞
dν
2pi
[cos(2pisν)][cosh(2piν) + 1]
[sinh(2piν)]2ν2
, (3.10)
which also diverges as ν → 0. Combining all these partition functions we obtain,
Z1loop = VX
∫
∞
−∞
dν
4pi
[cosh(2piν) + 1± n cos(2pisν)]2
[sinh(2piν)]2ν2
. (3.11)
The infrared tadpole divergence can be cancelled if we choose the Sp(2) gauge group for
two D1-branes, irrespective of the value of s.
7The correspondence between the ± here and the gauge group choice (orientifold operation on the
Chan-Paton indices) is not so obvious. To fix this, consider the open sector calculation ±nTrO[Ωe−2pitH ].
If we take the limit t→∞, this contribution is positive for the SO(n) and negative for Sp(n). Then we
modular transform this and compare it with the boundary-crosscap state calculation in the s = pi/4t→ 0
limit. The relevant sign is determined by the limν→0Ψc(ν)Ψs(−ν) which is positive in our normalization
of Ψc(ν) and Ψs(ν). Thus +,− indeed corresponds to SO(n) and Sp(n) respectively.
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This is the main result of this section. Using the boundary-crosscap state formalism,
we obtained the same tadpole cancellation condition i.e. two D1-branes with the gauge
group Sp(2). However, the finite part left is different in each methods. In the free
field calculation, the partition function completely vanishes. On the other hand, in
the boundary-crosscap calculation, there is a finite part left even if we choose s to be
ipi
2
, which corresponds to the µB = 0. It is interesting to see whether this finite part
can be seen from the matrix quantum mechanics point of view. For the unoriented
Liouville theory, the corresponding dual matrix quantum mechanics should be SO(2N)
or Sp(2N) quantum mechanics “living on the D0-branes”8, which is also considered as
a discretized version of the 2D unoriented quantum gravity with a boson on it. It is
important to note that this matrix quantum mechanics is finite. Therefore, the matrix
quantum mechanics predicts that the Klein bottle partition function should be finite. In
contrast, the matrix model loop amplitude reproduces that of the divergent boundary-
boundary annular diagram (3.9) as was studied in [20]. Therefore, the need for the
tadpole cancellation from the matrix model point of view is rather puzzling and further
study is needed [36].
Then, how can we explain the small mismatch between the two methods? The free
boundary-crosscap condition seems to be wrong. However, we cannot totally distrust
the free field method described in section 2, for the free field method was actually used
to derive these boundary-crosscap sate, the DOZZ three point function formula etc. We
will discuss this further in the next section.
4 Summary and Discussion
In this short note, the tadpole cancellation of the unoriented Liouville theory was dis-
cussed. By the free field method, it was shown that there is a tadpole in the Klein bottle
partition function, and it must be cancelled by introducing two D1-branes. On the other
hand, by the boundary-crosscap state method, it was shown that the tadpole divergence
can be cancelled, but there is a finite part left after the cancellation of the tadpole in-
frared divergence. Especially whether or not the Klein bottle partition function can be
calculated by the free field method is a problem.
At this point, we should note that we actually used the free field method to derive the
boundary-crosscap state. For example, the fusion coefficient of the degenerate primary
8Actually the tadpole cancelled matrix quantum mechanics should choose Sp(2N) gauge group. Once
we choose the normalization of the crosscap state to be minus that of the D1-brane so as to cancel the
tadpole, the D0-brane gauge field should also be Sp(2N) [37]. Intuitive argument in the matrix model
point of view is that, for Sp theory, a twisted loop has an extra minus sign and this is necessary to
cancel the fundamental loop.
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operator V−b/2 = e
−bφ can be written as
V−b/2Vα = C+[Vα−b/2] + C−[Vα+b/2], (4.1)
where C− was actually derived by the free field perturbation method [21][17]. Since it
requires just the first order insertion of the Liouville interaction, it was calculated by the
free field Coulomb gas integral:
C− = −µ
∫
d2z〈Vα(0)V−b/2e2bφ(z)VQ−α−b/2(∞)〉Q,free. (4.2)
Thus, it may be necessary to reexamine the condition when the free field method can be
reliably used.
Let us discuss the physical implications of our result, supposing that the boundary-
crosscap method is correct. The first thing is the divergence of the disk partition function.
This means that the boundary Liouville theory is not a suitable string background as a
one-loop corrected string theory (as opposed to the closed Liouville theory which is con-
formal and becomes a correct string background in any order of the string perturbation,
as we know that it is dual to the matrix model which yields the all genus computation.).
When this happens in the infrared limit of the closed channel, it is the Fischler-Suskind
mechanism [22][23] that saves the situation. We hope the similar background deformation
might work and we suppose this has some effects on the “rolling tachyon” computation
beyond the tree level [24][25][26].
To apply the unoriented partition function to the rolling tachyon computation, we
simply replace the X free Neumann boundary condition with that of the rolling tachyon
boundary state |Bt〉. For concreteness, we take the half s-brane (rolling) state which
corresponds to the boundary interaction λeX
0
. The imaginary part of the one-loop
partition function is related to the emitted closed string number and energy via the
optical theorem:
N = 2ImZ =
∫
∞
0
dp
2p
|Ap|2, (4.3)
where A(p) is an on-shell decaying amplitude. We consider here the rolling D0-brane
in the unoriented tadpole cancelled background with two D1-branes. This case is also
interesting because in the unoriented Liouville theory, the decaying D0-branes can be
regarded as a rolling fermion from the top of the inverse harmonic oscillator potential
in the matrix model point of view [5][6][7]. As was discussed in the last section, the
cancelled one-loop partition function is finite, and there is no imaginary part,
N1loop = 2Im(ZK2 + ZC2 + ZM2) = 0. (4.4)
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The contribution from the D0-brane cylinder partition function was computed in the
literature [24][5][6][7]. We need the following matrix elements:
〈Z1,1|p〉 = c1 sinh(2pip)
〈Bt|E〉 = c2 1
sinh(piE)
(4.5)
where c1 and c2 are irrelevant energy dependent phase factors. Note in our convention,
the mass shell condition is E = 2p. The decaying rate is logarithmically (ultraviolet and
infrared) divergent
NC2 =
∫
∞
0
dp
2p
(const)2. (4.6)
Under this background, there is also an interference term:
Ninterference = c
∫
∞
−∞
dp
2p
2piδ(p)
(cosh(2pip) + 1− cos(2pisp))
sinh(2pip)
sinh(2pip)
sinh(2pip)
= finite, (4.7)
which is finite. The emitted energy as closed strings is zero, which can be obtained
replacing dp/p with dp. Since finitely many zero energy strings are emitted, the emitted
energy is obviously zero.
The cylinder divergence is just an artefact of our approximation, for the emitted
energy cannot exceed the energy of the decaying D0-brane. Actually, without an orien-
tifold plane, the interpretation of the D0-brane as a rolling fermion in the matrix model
enables us to obtain the full string decaying amplitude which is finite as it should be.
Thus, it is interesting to see whether there is such an interpretation of the decaying
D0-brane in a tadpole cancelled orientifold plane background which gives a finite answer
and reproduces the above finite correction from the interference diagram.
The second point we would like to discuss is the effect of supersymmetry [27][8][28].
Though we have concentrated only on the bosonic Liouville theory in this paper, an
extension to the supersymmetric case is intriguing. As is discussed in [8], the type 0B
theory has a D1-brane which has R-R tadpole. Whether this tadpole can be cancelled
by introducing a space-filling orientifold plane is an interesting question. Another in-
teresting model is the space-time supersymmetric Liouville theory which was studied in
[28]. Being space-time supersymmetric, divergences may be eliminated at least at the
partition function level.
The last point we would like to discuss is the possibility of the topological string in-
terpretation of the unoriented Liouville theory compactified on the self-dual radius. As
is well-known, the ordinary oriented Liouville theory is dual to the topological closed B
model on the deformed conifold [29]. This has a following duality chain [30][31][32]. This
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closed B model on the deformed conifold is large N dual to the open B model on the re-
solved conifold, which is, by the mirror symmetry, equivalent to the nonperturbative part
of the open topological A model on the deformed conifold. Finally, the nonperturbative
part of the open topological A model on the deformed conifold is the nonperturbative
part of the U(N) Chern-Simons theory on S3, which is found to be the volume factor of
U(N) group. In a word, the Liouville partition function at the self dual radius is just
the volume of the U(N) group! We naturally expect the volume factor of SO(2N) or
Sp(2N) has some relations with the unoriented Liouville theory. However, the closer
look at the SO(2N) or Sp(2N) group volume shows that the partition functions with
two cross-caps (like the Klein bottle partition function) are always zero [33][31]. Hence,
the orientifold tadpole must be cancelled in the theory if any noncritical string theory is
the dual of it9.
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